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1 Introduction
One of the tasks model theory has assumed is the classification of first-order mathemat-
ical structures. Taking Shelah’s work as a starting point, it becomes evident that the
model-theoretic properties that allow us to draw dividing lines between desirable theories
– regarding tameness of definable sets, or the number of non-isomorphic models of a given
cardinality – rely fundamentally on “coding” combinatorial properties.

In particular, a theory is dependent (also known as NIP) if it is not possible to codify
the relation {(i, S) ⊆ ω×P(ω) : i ∈ S}. More precisely, an L -theory T is dependent if it is
not possible to find some L -formula ϕ(x; y) and some sequences (ai : i < ω), (bS : S ⊆ ω)
of tuples from a fixed monster model of T such that |= ϕ(ai; bS) if and only if i ∈ S.
Once the combinatorial property is fixed, it is common to define some notion of rank or
dimension in order to measure the complexity of types and definable sets, such as Morley
rank in ω-stable theories, D-rank in simple theories or SU -rank in supersimple theories.
One suitable rank notion for types in dependent theories T is the dp-rank. Dependent
theories are exactly those in which dp-rank is always bounded by |T |+.

Additionally, Shelah-style model-theoretic hypotheses on algebraic structures have proved
to have useful consequences for the structures themselves. For example, it is well known
that any infinite ω-stable field is algebraically closed [14], and that a dp-minimal – i.e. of
dp-rank 1 – field is either separably closed, real closed or admits a non-trivial definable
henselian valuation [10].

Last year, Christian d’Elbée and Yatir Halevi [3] published a paper on algebraic prop-
erties of dp-minimal integral domains. Namely, they proved that any such ring is local,
and that in order for it to be a valuation ring, it is necessary and sufficient that its residue
field is either infinite or, if it is finite, that its maximal ideal is principal.

With this in mind, the present document consists of exploring some examples of dp-
finite fields and domains. First attempts to classify dp-finite fields were motivated by
a conjecture of Shelah: any NIP field is either separably closed, real closed or admits a
non-trivial definable henselian valuation. Johnson [11] proved this conjecture for dp-finite
fields, and gave an algebraic classification thereof. Using results of Dolich and Goodrick [4]
on the classification of dp-finite ordered abelian groups (proved independently by Farré [6]
and Halevi-Hasson [7]), we will focus on the class of Hahn series fields, which seem to be
natural examples of structures to study within the context of dp-finite algebraic structures:
they form a natural class that “glues” together ordered abelian groups and fields.

This work is organized as follows. In Section 2.1 we will introduce the definition of dp-
rank and explore some Shelah-style arrays that allow us to compute it. In Section 2.2 we
fix some notation around valued fields and valuation rings, which will be used throughout
the document. In Section 2.3 we present some important results on henselianity of valued
fields. This section splits into two subsections, one in which we define our structure of
interest and prove some theorems around a well-behaved “weak convergence” – which, in
the literature, is known as Kaplansky Theory – and another in which we introduce the
reader to the model theory of valued fields by means of a crucial theorem on relative
quantifier elimination due to Pas.

In Section 3.1 we state the main classification theorems of dp-finite fields and dp-finite
ordered abelian groups. Using a result of Sinclair [17], we determine which Hahn series
fields are dp-finite and explore the dp-ranks of such structures computed in some reducts
of the language. Finally, in Section 3.2, we study the structure of ideals of some valuation
rings, motivated by some results of d’Elbée and Halevi [3].
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2 Preliminaries

2.1 Dp-ranks
In this section we will define dp-rank by means of mutually indiscernible sequences and
show some equivalent definitions. The proofs will mostly be omitted, but the reader can
find them in chapter 4 of [16], a reference on which this section is based.

Let T be a theory with infinite models.

Definition 2.1.1. An L -theory T is dependent, also known as NIP, if there is no L -
formula ϕ(x; y) and no sequences (ai : i < ω), (bS : S ⊆ ω) of tuples from a model of T
such that |= ϕ(ai; bS) if and only if i ∈ S.

We may work in a monster model C of T , that is, a model which is κ-saturated for
some κ > |T |. All elements and sets of parameters are assumed to come from this monster
model. Let us start with a proposition about mutually indiscernible sequences in C under
the hypothesis of dependence.

Fact 2.1.2 (Cf. Proposition 4.8 of [16]). Let T be a dependent theory, and let (It : t ∈ X)
be a family of sequences mutually indiscernible over some set A. Let b be a finite tuple.
Then there is a set Xb ⊆ X of size at most |T | such that the sequences (It : t ∈ X \Xb)
are mutually indiscernible over Ab.

Let π be a partial type over a set A and let κ be a cardinal, finite or infinite. We say
that dp-rk(π,A) < κ if for every family (It : t < κ) of mutually indiscernible sequences
over A and every b |= π, there is some t < κ such that It is indiscernible over Ab. If
b ∈ C, then dp-rk(b, A) is defined to be dp-rk(tp(b/A), A). We say that dp-rk(π,A) = κ if
dp-rk(π,A) < κ+ but it is not the case that dp-rk(π,A) < κ.

Proposition 2.1.3. The following propositions are equivalent:

1. T is NIP.

2. For any finitary type p and any set A, dp-rk(p,A) < |T |+.

3. There is some infinite cardinal κ such that for any finitary type p and any set A,
dp-rk(p,A) < κ.

Proof. 1) =⇒ 2). Let (It : t < |T |+) be a family of mutually indiscernible sequences over
A, and let b |= p. Use Fact 2.1.2 to find a subset X of |T |+ of size at most |T | such that
(It : t ∈ |T |+ \X) is a family of mutually indiscernible sequences over Ab. Since |T |+ \X
is of size |T |+, the result follows.

2) =⇒ 3). Choose κ = |T |+.
3) =⇒ 1). Suppose ϕ(x, y) has IP, and let κ be any infinite cardinal. By compactness,

if X = ω × κ is ordered lexicographically, there is an indiscernible sequence (ai : i ∈ X)
and a tuple b such that ϕ(ai, b) holds if and only if i = (0, α) for some α < κ. The family
of sequences (It : t < κ) given by It = (a(n,t) : n < ω) is mutually indiscernible, but
none is indiscernible over b because |= ϕ(a(0,t), b) ∧ ¬ϕ(a(1,t), b) for any t < κ. Therefore
dp-rk(b, ∅) ≥ κ.

Lemma 2.1.4. Let π be a partial type over A and κ be any cardinal. If A ⊆ B, then
dp-rk(π,A) < κ if and only if dp-rk(π,B) < κ.
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Proof. Suppose that dp-rk(π,A) < κ and let (It : t < κ) be a family of mutually indis-
cernible sequences over B. Let b enumerate B and, if It = (ati : i ∈ It), where It is the
index set of It, let I ′t = (ati

_
b : i ∈ It). It follows that the family (I ′t : t < κ) is mutually

indiscernible over A. If b |= π, then there is some t < κ such that I ′t is indiscernible over
Ab, but then It is indiscernible over Abb = Bb.

Now suppose that dp-rk(π,B) < κ and let (It : t < κ) be a family of mutually in-
discernible sequences over A. Suppose there is some b |= π such that none of the It is
indiscernible over Ab. For any t < κ, let I ′t |= EM(It/BI

′
<tI>t) be an indiscernible se-

quence over BI ′<tI>t. Then (I ′t : t < κ) is a family of mutually indiscernible sequences
over B, and, in particular, tp((It)t<κ/A) = tp((I ′t)t<κ/A). Therefore none of the I ′t is
indiscernible over Ab′ for some b′ ≡A b, contradicting the hypothesis.

The next theorem summarizes how to bound dp-rank by means of mutually indiscernible
sequences.

Theorem 2.1.5. Let π be a partial type over A and let κ be any cardinal. The following
propositions are equivalent.

1. dp-rk(π,A) < κ,

2. For any family (It : t ∈ X) of sequences, mutually indiscernible over A, and any
b |= π, there is a subset Xb ⊆ X of size less than κ such that (It : t ∈ X \Xb) are
mutually indiscernible over Ab.

3. For any family (It : t ∈ X) of sequences, mutually indiscernible over A, and any
b |= π, there is a subset Xb ⊆ X of size less than κ such that It is indiscernible over
Ab for any t ∈ X \Xb.

4. For any family (It : t ∈ X) of sequences, mutually indiscernible over A, and any
b |= π, there is a subset Xb ⊆ X of size less than κ such that all the elements of It
have the same type over Ab for any t ∈ X \Xb.

Proof. 1) =⇒ 2). This is Proposition 4.17 of [16].
2) =⇒ 3). For any t ∈ X \Xb, It is indiscernible over (

⋃
t∈X\(Xb∪{t}) It) ∪Ab, therefore

indiscernible over Ab.
3) =⇒ 4). Let ai, aj be elements of It with i < j and t ∈ X \ Xb. By indiscernibility

over Ab, |= ϕ(ai, a, b)←→ ϕ(aj , a, b) for any formula ϕ(x, y, z) and any tuple a of A.
4) =⇒ 1). Suppose otherwise, so that there is some family (It : t < κ) of mutually

indiscernible sequences over A and some b |= π such that none of the It is indiscernible
over Ab. Then, for each t, there is a formula ϕ(x, y, z), a tuple a of A, and two tuples
(ai1 , . . . , ain), (aj1 , . . . , ajn) of It with i1 < . . . < in and j1 < . . . < jn, such that, say,
|= ϕ(ai1 , . . . , ain , a, b) ∧ ¬ϕ(aj1 , . . . , ajn , a, b). Therefore there is some kt ∈ {1, . . . , n} such
that

|= ϕ(ai1 , . . . , aikt−1
, aikt , ajkt+1

, . . . , ajn , a, b) ∧ ¬ϕ(ai1 , . . . , aikt−1
, ajkt , ajkt+1

, . . . , ajn , a, b),

so that tp(aikt/AbCt) 6= tp(ajkt/AbCt) if Ct = {ai1 , . . . , aikt−1
, ajkt+1

, . . . , ajn}. Without
loss, ikt < jkt , so if the order type of It were dense, the family (I ′t : t < κ) given by
I ′t = {a_i Ct ∈ It : ikt ≤ i ≤ jkt} would be a family of mutually indiscernible sequences over
A in which any sequence has a couple of elements with different type over Ab. This order
type can be achieved by using compactness at the very first stage of the proof so that, for
instance, any It has order type (Q, <).
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Corollary 2.1.6. Let a, b ∈ C, A ⊂ C, and let κ1, κ2 be cardinals such that dp-rk(b/A) < κ1

and dp-rk(a/Ab) < κ2. Then dp-rk(a, b/A) + 1 < κ1 + κ2.

Proof. Let (It : t ∈ X) be a family of mutually indiscernible sequences over A with
|X| = κ1 + κ2 − 1 and let a′, b′ ≡A a, b. Then b′ ≡A b, so there is some set Xb′ ⊆ X of size
less than κ1 such that (It : t ∈ X \Xb′) is a family of mutually indiscernible sequences over
Ab′. Since dp-rk(a′/Ab′) < κ2, there is some set Xa′ ⊆ X \ Xb′ of size less than κ2 such
that (It : t ∈ X \Xa′Xb′) is a family of mutually indiscernible sequences over Aa′b′.

We would like to compute dp-ranks even if we do not have a full characterization of
indiscernible sequences. To this end, we need the following

Definition 2.1.7. Let π(x) be a partial type over a set A. We define κict(π,A) as the
minimal κ such that the following does not exist:

1. formulas ϕα(x; yα) indexed by κ,

2. an array (aαi : (i, α) ∈ ω × κ) of tuples such that |aαi | = |yα|,

3. for every η : κ −→ ω, a tuple bη |= π such that

|= ϕα(bη; a
α
i )⇐⇒ η(α) = i.

Such a family of tuples and formulas is called an ict-pattern for π of length κ (and width
ω).

Proposition 2.1.8. Let T be a dependent theory. For any partial type π over A and any
cardinal κ, dp-rk(π,A) < κ if and only if κict(π,A) ≤ κ

Proof. Suppose κict(π,A) > κ, and fix λ = i
(2|T |+|A|)

+ . By compactness, there is an ict-

pattern of length κ and width λ as in the definition. Define Iα = (aλi : i < λ) for any
α < κ. Then there is an A-indiscernible sequence I ′α = (bαi : i < ω) and a pair of indices
iα0 < iα1 < λ such that

bα0 b
α
1 ≡A aαiα0 a

α
iα1
. (2.1.1)

Inductively define the sequences I ′′α = (cαi : i < ω) satisfying I ′′α |= EM(I ′α/AI
′′
<αI

′
>α) and

being indiscernible over AI ′′<αI ′>α. This implies that the family (I ′′α : α < κ) is mutually
indiscernible over A, and that

I ′′α ≡A I ′α (2.1.2)

by A-indiscernibility of the I ′α for any α < κ. Let η : κ −→ λ be given by η(α) = iα0 , so
that there is some b |= π such that for any α < κ we have that aiα0 6≡Ab aiα1 . Conjugating
over A two times, according to equations 2.1.1 and 2.1.2, there is some b′ |= π such that
cα0 6≡Ab′ cα1 for any α < κ, which contradicts dp-rk(π,A) < κ for it implies that there is at
least some α < κ such that all the elements of I ′′α have the same type over Ab′.

Now suppose that dp-rk(π,A) ≥ κ, so that there is a family (Iα : α < κ) of mutually
indiscernible sequences over A, say, with Iα = (aαi : i < ω), a realization b |= π and a set of
formulas {ϕα(xα, y) : α < κ} such that for any α < κ we have that |= ϕα(b; aα0 )∧¬ϕα(b; aα1 ).
Let ψα(x; yα, y

′
α) = ϕα(x; yα) ∧ ¬ϕα(x; y′α) and let Jα = (aα2i

_aα2i+1 : i < ω). Then there
are finitely many elements of Jα that satisfy ψα(b; yα, y

′
α), because otherwise the truth

value of ϕα(b; aαi ) would alternate infinitely many times, in contradiction with NIP.
If we remove such pairs of the original sequences, we may assume that aα0

_aα1 is the only
pair that satisfies ψα(b; yα, y

′
α). Then, by mutual indiscernibility of the original sequences,
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for any finite set of ordinals {α1, . . . , αn} and after conjugating n times the element b over
A, for any η ∈ {α1,...,αn}ω there is some bη |= π such that |=

∧n
j=1 ψαj (bη; a

αj
2i , a

αj
2i+1) exactly

when η(αj) = i. Hence κict(π,A) > κ follows by compactness.

The following definition and facts can be found in [1].

Definition 2.1.9. Let κ be a cardinal. We say that T admits an inp-pattern of length κ
if there is a sequence of formulas ϕα(x; yα) indexed by κ, with x a single free variable, and
an array (aαi : (i, α) ∈ ω × κ) in a model M of T such that |aαi | = |yα|, and satisfying

1. for any α < κ, there is some kα < ω such that the set {ϕα(x; aαi ) : i < ω} is
kα-inconsistent,

2. for any η : κ −→ ω, the set {ϕα(x; aαη(α)) : α < κ} is consistent.

The least cardinal κ for which there is no inp-pattern of length κ is called κinp, and the
supremum of all lengths of inp-patterns is called the burden of T. Therefore the burden of
T is less than κ if and only if κinp ≤ κ for any cardinal κ.

Fact 2.1.10 (Cf. Proposition 6 of [1]). For any inp-pattern (resp. ict-pattern) of length
κ, there is some other inp-pattern (resp. ict-pattern) of the same length, such that the
parameters of the rows form a mutually indiscernible family.

Fact 2.1.11 (Cf. Proposition 10 of [1]). Let T be a dependent theory and let x be a single
variable. Then κinp = κict(x = x, ∅).

Proof. Let κ be any cardinal and suppose {ϕα(x; aαi ) : i < ω, α < κ} is an inp-pattern
of length κ. We know that the set {ϕα(x; aα0 ) : α < κ} is consistent, say, witnessed by b.
Then, for each α < κ there are finitely many aαi with i > 0 satisfying ϕα(b; aαi ), so after
taking them out of the rows, we may assume that ϕα(b; aαi ) holds if and only if i = 0. If the
family of sequences (Iα : α < κ) given by Iα = (aαi : i < ω) is mutually indiscernible, then
for any finite set of ordinals {α1, . . . , αn} and after conjugating n times the element b, for
any η ∈ {α1,...,αn}ω there is some bη such that |=

∧n
j=1 ϕαj (bη; a

αj
η(αj)

) ∧ ¬ϕαj (bη; a
αj
i ) for

any i 6= η(αj). Hence κict(x = x, ∅) > κ follows by compactness. We may assume indeed
that (Iα : α < κ) is a mutually indiscernible family following the “extend-and-extract”
argument of the proof of Fact 2.1.10. Therefore κinp ≤ κict(x = x, ∅).

Let κ be any cardinal and suppose {ϕα(x; aαi ) : i < ω, α < κ} is an ict-pattern of
length κ. Again, by extending and extracting – i.e. Fact 2.1.10 – we may assume that
the parameters form a mutually indiscernible family of rows. We claim that, for any
α < κ, the set {ϕα(x; aα2i) ∧ ¬ϕα(x; aα2i+1) : i < ω} is kα-inconsistent for some kα < ω.
If this is not the case, then we would be able to find arbitrarily many indices i < ω in
which |= ϕα(b; aα2i) ∧ ¬ϕα(b; aα2i+1) for some common b, so ϕα itself would not have finite
alternation rank, contradicting NIP. If η ∈ κω, then by the ict-condition, there is some
b2η such that for any α < κ we have that |= ϕα(b2η, a

α
2η(α)) and 6|= ϕα(b2η, a

α
i ) for any

i 6= 2η(α), so, in particular, b2η satisfies the set {ϕα(x; aα2η(α))∧¬ϕα(x; aα2η(α)+1) : α < κ}.
To sum up, the set

{ϕα(x; aα2i) ∧ ¬ϕα(x; aα2i+1) : i < ω, α < κ}

is an inp-pattern of length κ, which yields the inequality κict(x = x, ∅) ≤ κinp.

We are now ready to present the following:
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Definition 2.1.12. Let T be a (complete) theory. We say that T is dp-finite if the dp-rank
of any 1-type is finite.

Note that if T is dp-finite, then any n-type has finite dp-rank: this is just induction on n
and subadditivity of dp-rank as in Corollary 2.1.6. This in turn implies that T is dependent
and κinp = κict(x = x, ∅) – for any single free variable x – is finite, because of Propositions
2.1.3, 2.1.8 and 2.1.11. Finally, if π is any 1-type, then π ` x = x yields dp-rk(π,A) ≤
dp-rk(x = x,A). But Lemma 2.1.4 implies that dp-rk(x = x,A) ≤ dp-rk(x = x, ∅), so
dp-rk(π,A) is finite whenever κict(x = x, ∅) is finite. We have proved the following:

Proposition 2.1.13. Let T be a (complete) theory and let x be a single variable. The
following statements are equivalent:

1. T is dp-finite.

2. Every complete n-type has finite dp-rank.

3. T is dependent and κinp is finite.

4. κict(x = x, ∅) is finite.

2.2 Valued Fields
Here we will fix some notation that will be used throughout the document.

An ordered abelian group is an abelian group (Γ,+, 0) together with a linear order ≤ in
Γ satisfying γ1 + γ ≤ γ2 + γ whenever γ1 ≤ γ2, for any triple γ, γ1, γ2 ∈ Γ. An ordered
abelian group (Γ,+, 0, <) is called archimedean if for any pair γ, ε such that ε > 0, there
is some n ∈ N satisfying γ < nε. This is equivalent to saying that there are no non-
trivial convex subgroups of Γ, and to saying that Γ embeds into (R,+, 0, <). The rank
of an ordered abelian group Γ, denoted by rk(Γ), is the order-type of non-trivial convex
subgroups, ordered by inclusion.

Let (K,+, 0, ·) be a field and let (Γ,+, 0, <) be an ordered abelian group. Let ∞ be a
symbol satisfying ∞+∞ = γ +∞ =∞+ γ for all γ ∈ Γ.

A valuation on K is a surjective map v : K −→ Γ ∪ {∞} such that for any x, y ∈ K,

X v(x) =∞ if and only if x = 0,

X v(xy) = v(x) + v(y),

X v(x+ y) ≥ min{v(x), v(y)}.

These are the usual axioms of a non-archimedean valuation on R, but generalized to admit
any ordered abelian group as target set. We call (K, v) a valued field, and we call Γ its
value group. Define O to be the ring {x ∈ K× : v(x) ≥ 0}. We call O the valuation ring
of (K, v). The complement in O of O× is an ideal, and is referred to as M . Note that
O× = {x ∈ O : v(x) = 0}, so that M = {x ∈ O : v(x) > 0}. The ideal M is maximal, and
the field O�M is called the residue field of (K, v), denoted by k. The residue map from O
to k is often denoted by res(x), x or x + M . If f =

∑n
i=0 aiX

i is a polynomial in O[X],
we define f to be the polynomial

∑n
i=0 aiX

i in k[X].
We will frequently add a subscript in order to emphasize the dependence to v, i.e.

O = Ov, Γ = Γv, k = kv and M = Mv.
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It can be seen that the definition of O implies that for any x ∈ K×, either x ∈ O or
x−1 ∈ O. Any integral domain satisfying this condition (when considered as a subring of
its field of fractions) is also called a valuation ring.

If R is a valuation ring, then there is a valuation on K = Quot(R) having R as its
valuation ring. Indeed,

X Γ := K×�R× is an ordered abelian group. Define xR× ≥ R× if and only if x ∈ R. If
x ∈ R and xy−1 ∈ R×, then y = (yx−1)(x) ∈ R, so the order is well defined. Also,
it is linear because for any x ∈ K×, either x ∈ R or x−1 ∈ R implies that either
xR× ≥ R× or x−1R× ≥ R×, which is equivalent to R× ≥ xR×.

X v : K× −→ Γ defined by v(x) = xR× is a valuation on K. We have to show that
v(x + y) ≥ min{v(x), v(y)}. Suppose that xR× ≤ yR×, so that min{v(x), v(y)} =
xR×.We must then argue that x+y

x ∈ R. But
x+y
x = 1+ y

x and, by hypothesis, yx ∈ R.

X Ov = R. This follows by definition of v : if x ∈ K× satisfies that v(x) ≥ 0 then, by
definition, xR× ≥ R×, which is equivalent to x ∈ R.

Thus, whenever we refer to (K,O) as a valued field, we mean that O is a valuation ring
having K as its field of fractions, and that the valuation v on K we mean to use is the one
constructed above, so that Ov = O. Also, the rank of O = Ov is defined to be the rank of
Γv.

Let L/K be an extension of fields, w be a valuation on L and v a valuation on K. We
say that (L,w) extends (K, v), denoted by (L,w) ⊇ (K, v), if and only of w �K= v. This
is equivalent to saying that Ow ∩ K = Ov. Theorem 3.1.1 of [5], known as Chevalley’s
theorem, implies that for any valued field (K, v) and any field extension L/K, there is at
least one valuation w on L extending v. It can be shown that if (L,w) ⊇ (K, v) then kv is
a subfield of kw and Γv is a subgroup of Γw that satisfy [L : K] ≥ [kw : kv][Γw : Γv]. An
extension (L,w) ⊇ (K, v) is called immediate if [kw : kv] = [Γw : Γv] = 1.

Proposition 2.2.1. Let (L,w) ⊇ (K, v) be an extension of valued fields, with L/K alge-
braic. Then kw ⊆ kalgv and Γw ⊆ Div(Γv).

1 Moreover, if K is algebraically closed, then kv
is algebraically closed and Γv is divisible.

Proof. Let x+M ∈ kw for some x ∈ Ow. Then there is some non-zero p ∈ K[X] such that
p(x) = 0. By multiplying by the inverses of the coefficients of p which are not elements of
Ov, we get that q(x) = 0 for some non-zero q ∈ Ov[X]. Therefore q(x) = 0 as wanted.

Now suppose w(x) ∈ Γw for some non-zero x ∈ L. Suppose
∑n

i=0 aix
i = 0 for some

coefficients a0, . . . , an ∈ K. Out of the non-zero coefficients, there must be a pair of indices
i < j such that w(aix

i) = w(ajx
j), because otherwise

∞ = w(
n∑
i=0

aix
i) = w(akx

k) = w(ak) + kw(x)

for some k,2 which is absurd. Therefore (j − i)w(x) = w(ai/aj), as wanted.
Finally, if K is algebraically closed, the same arguments (taking x ∈ K rather than

x ∈ L) yield that kv is algebraically closed and that Γv is divisible.
1Div(Γ) stands for the divisible hull of Γ, i.e. the smallest divisible abelian group containing Γ.
2An easy computation yields that v(a+ b) = v(a) whenever v(b) > v(a) for any a, b in any valued field

(K, v).
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If L/K is algebraic and the separable degree n = [L : K]s is finite, then it bounds the
number of extensions of v to L. If n is finite, the fundamental inequality (cf. Theorem 3.3.4
of [5]) states that

[L : K] ≥
n∑
i=1

[kwi : kv][Γwi : Γv],

where {w1, . . . , wn} is the set of all extensions of v to L.
In what follows, we will need two important theorems of valuation theory. They are

Theorem 3.2.7 and Theorem 3.2.15 of [5] respectively.

Fact 2.2.2 (Weak Approximation Theorem, cf.Theorem 3.2.7 of [5]). Let O1, . . . ,On be an
⊆-antichain of valuation rings of a field K, with maximal ideals M1, . . . ,Mn respectively,
and let

pi =
n⋂
j=1

Oj ∩Mi.

Then {p1, . . . , pn} is an ⊆-antichain and the set of all maximal ideals of
⋂n
j=1Oj . Further-

more, for any tuple (a1, . . . , an) ∈ O1 × . . . × On, there is some β ∈
⋂n
j=1Oj such that

β − ai ∈Mi for every i ∈ {1, . . . , n}.

Fact 2.2.3 (Conjugation Theorem, cf. Theorem 3.2.15 of [5]). Suppose L/K is a normal
extension of fields. Let O be a valuation ring of K and let O′,O′′ be two valuation rings
of L extending O. Then there is some σ ∈ Aut(L/K) such that σ(O′) = O′′.

2.3 Henselianity

This section will follow very closely the presentation of Hensel’s Lemma in Section 4 of [5].
The proof of the following lemma is a straight computation.

Lemma 2.3.1. Let (K,O) be a valued field and let f =
∑n

i=1 aiX
i ∈ K[X]. Then

f(X + Y ) =
n∑
i=0

fi(X)Y i

with

fi(X) =
n∑
j=i

aj

(
j

i

)
Xj−i.

In particular f0 = f and f1 = f ′. If f ∈ O[X] then fi ∈ O[X] for every i ∈ {1, . . . , n}.

Lemma 2.3.2. Suppose (K,O) ⊆ (N,O∗) is an extension of valued fields, where N/K
is a finite Galois extension. Then there exists a subfield L of N containing K such that
(K,O) ⊆ (L,O∗∩L) is immediate and (L,O∗∩L) ⊆ (N,O∗) is the only possible extension.

Proof. Let O∗ = O1,O2, . . . ,Om be the collection of all the different extensions of O to
N. Let H = {σ ∈ Aut(N/K) : σ(O∗) = O∗} and let L be the fixed field of H. The rings
O1∩L, . . . ,Om∩L are all the extensions of O to L, but they may not necessarily be pairwise
distinct. If Oj extends O∗ ∩ L, then, by the Conjugation Theorem 2.2.3, there exists an
automorphism σ ∈ Aut(N/L) such that σ(O∗) = Oj . Since N/K is Galois, Aut(N/L) is
exactly H = {σ ∈ Aut(N/K) : σ(O∗) = O∗}, therefore Oj = O∗.

Now, let us see that (L,O∗ ∩ L) is an immediate extension of (K,O).
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X In order to prove that the residue class field of (L,O∗ ∩ L) is the same as (K,O),
it is sufficient to prove that for any α ∈ O∗ ∩ L there exists some a ∈ O such that
α−a is an element of M1, the maximal ideal of O∗∩L. Use the Weak Approximation
Theorem 2.2.2 to find some β ∈

⋂m
i=1Oj ∩L such that α− β ∈M1 and β ∈Mj , the

maximal ideal of Oj ∩ L, for any j ∈ {2, . . . ,m}.
Let β = β1, . . . , βn be the set of all distinct K-conjugates of β in N. Then a =
−β1 − . . . − βn is an element of K, and α + a = (α − β) − β2 − . . . − βn ∈ M1.
Indeed, by the choice of β, α − β ∈ M1. Also, if βj 6= β1, then there is some
τ ∈ Aut(N/K) such that τ(β) = βj . Then τ 6∈ H, because otherwise it would fix β.
Hence O∗ = τ(Oj) for some j ∈ {2, . . . ,m}, so βj = τ(β) ∈ M1. Since βj ∈ O∗ for
any j ∈ {1, . . . ,m}, then a ∈ O as wanted.

X In order to prove that the value group of (L,O∗ ∩ L) is the same as (K,O), it
is sufficient to prove that for any α ∈ L× there exists some a ∈ K× such that
w(α) = w(a), if w is the valuation associated to O∗ in N. To this end, use the Weak
Approximation Theorem 2.2.2 to find some β ∈

⋂m
i=1Oj ∩ L such that β − 1 ∈M1

and β ∈Mj for any j ∈ {2, . . . ,m}.
Since β − 1 ∈M1, then w(β − 1) > 0 = w(1), so w(β) = w(β − 1 + 1) = w(1) = 0,
i.e., β ∈ (O∗)×. Hence, if τ ∈ H, then τ(β) ∈ (O∗)×, i.e., w(τ(β)) = 0. If, however,
τ ∈ Aut(N/K) \H, then τ−1 6∈ H and τ(Oj) = O∗ for some j ∈ {2, . . . ,m}.
Since β ∈Mj , then τ(β) ∈M1, this is, w(τ(β)) > 0. Now, choose some ν ∈ Z such
that w(βνα) 6= w(τ(βνα)) for any τ ∈ Aut(N/K)\H3. Let βνα = α1, . . . , αn be the
set of all distinctK-conjugates of βνα in N.We then know that for any t ∈ {1, . . . , n}
the element

at = (−1)t
∑

1≤i1<...<it≤n
αi1 · . . . · αit

lies in K, and that if αj = τ(α1) for some j ∈ {2, . . . , n} – i.e., if τ 6∈ H – then
w(αj) = w(τ(βνα)) 6= w(βνα) = w(α1).

Suppose that j1 < . . . < jr are the indices that satisfy w(αj) < w(α1). If there are
no such indices, then w(α1) < w(αj) for any j ∈ {2, . . . , n} and w(a1) = w(α1 +
. . . + αn) = w(α1) = w(α). Note that w(αj1 · . . . · αjr) = w(αj1) + . . . + w(αjr) <
w(αj1 · . . . · αjr−1 · αi) for any i 6∈ {j1, . . . , jr}, so that

w(ar) = w(αj1 · . . . · αjr).

Similarly, if i 6∈ {1, j1, . . . , jr}, then w(α1 · αj1 · . . . · αjr) = w(α1) + w(αj1) + . . . +
w(αjr) < w(α1 · αj1 · . . . · αjr−1 · αi), so

w(ar+1) = w(α1 · αj1 · . . . · αjr).

This implies that w(ar+1/ar) = w(α1) = w(α), as wanted.

3This can be achieved because if τ1, . . . , τn are all the elements of Aut(N/K) \H, then the set

{νw(τi(β)) : ν ∈ Z, i ∈ {1, . . . , n}} \ {w
(

α

τi(α)

)
: i ∈ {1, . . . , n}}

is infinite.
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Definition 2.3.3. A valued field (K,O) is called henselian if O has a unique prolongation4

to every algebraic extension L of K.

Note that (K,O) is henselian if and only if O extends uniquely to any finite extension L
ofK. Also, if (K,O) is henselian, then O extends uniquely to the separable closureKs ofK
by definition. This is in fact sufficient, because if L is a finite extension of K, the extension
can be decomposed into L/Ks∩L and Ks∩L/K. By hypothesis, the latter admits a unique
extension O∗ of O, as does the former with O∗, for it is a purely inseparable extension.

Observation 2.3.4. Let (K, v) be a valued field. A polynomial f =
∑n

i=0 aiX
i ∈ K[X]

with coefficients in K is primitive if its Gauss valuation w(f) = minni=0 v(ai) equals zero.
Every primitive polynomial is an element of O[X]. If f ∈ K[X] and w(f) = v(a) for some
coefficient a of f, then w(a−1f) = w(f)− w(a) = w(f)− v(a) = 0, so f = a(a−1f) = af∗

for some primitive polynomial f∗ = a−1f. This implies that if f ∈ O[X] decomposes
as g1 . . . gn with irreducible factors g1, . . . , gn ∈ K[X], then there are some primitive
polynomials h1, . . . , hn irreducible in K[X] such that f = h1 . . . hn. Indeed, let f = af∗

and gi = big
∗
i , i ∈ {1, . . . , n}, for some primitive polynomials f∗, g∗1, . . . , g∗n. Then af∗ =

b1 . . . bng
∗
1 . . . g

∗
n, and

0 ≤ v(a) = w(a) + w(f∗) = w(b1 . . . bng
∗
1 . . . g

∗
n) = v(b1 . . . bn),

so b1 . . . bng∗1, g∗2, . . . , g∗n ∈ O[X] remain to be irreducible in K[X].

The driving idea of the following theorem is that whenever an irreducible polynomial
f ∈ K[X] splits completely in a Galois extension N of (K,O), then its roots are all K-
conjugate. If (K,O) is henselian, then the valuation associated to the unique extension
of O to N is constant on the roots of f, because conjugating the valuation yields another
valuation, which is unique by henselianity.

Theorem 2.3.5 (Cf. Theorem 4.1.3 of [5]). Let (K,O) be a valued field. Let v be the
associated valuation of O and let M be its maximal ideal. The following statements are
equivalent:

1. (K,O) is henselian,

2. For every polynomial f ∈ O[X] irreducible in K[X], either deg(f) = 0, deg(f) = 1
or all the roots of f are multiple,

3. Lifting Simple Roots: For every f ∈ O[X] and every a ∈ O, if a is a simple root
of f, then there is some α ∈ O such that α = a and f(α) = 0,

4. Hensel’s Lemma: For every f ∈ O[X] and every a ∈ O such that v(f(a)) >
2v(f ′(a)), there is some α ∈ O such that v(α− a) > v(f ′(a)) and f(α) = 0,

5. Every separable polynomial in O[X], irreducible in K[X], of the form Xn+a1X
n−1 +

. . .+ an, where a1 6∈M and ai ∈M for any i ∈ {2, . . . , n}, has a root in O.

Proof. 1. Let us start with a henselian valued field (K,O),O = Ov, and an irreducible
polynomial f ∈ O[X] of degree n. Suppose that f 6∈ kv. If K̃ is an algebraic closure
of K, then O extends uniquely to, say, Õ = Õṽ. In this case, f can be written as∏n
i=1(aX−xi) for some a, x1, . . . , xn ∈ K̃. Since an ∈ O is the principal coefficient of

4The words prolongation and extension are used as synonyms.
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f, then ṽ(a) = ṽ(an)
n ≥ 0 and also f(0) = (−1)nx1 . . . xn ∈ O. If xi 6= xj , then there is

some σ ∈ Aut(K̃/K) such that σ
(
xi
a

)
=

xj
a . Since σ(Õ) extends O, then σ(Õ) = Õ

and, consequently, ṽ ◦ σ = ṽ and σ(M̃ ) = M̃ , where M̃ is the maximal ideal of Õ.
This implies that ṽ

(
xi
a

)
= ṽ

(
xi
a

)
, i.e., ṽ is constant on the xi

a ’s and, accordingly, on
the xi’s. Call the latter constant value δ. Then

0 ≤ v(x1 . . . xn) = ṽ(x1 . . . xn) = nδ.

If δ > 0 then xi ∈ M̃ for any i, so f = (aX)n, i.e., f is a power of an irreducible
polynomial g = anX such that g = anX is primitive. In this case either n = 1 or f
cannot have simple roots.

The latter is still true if δ = 0, in which xi
a 6= 0 is a root of f for any i. Indeed, if

n ≥ 2, g divides f for some polynomial g ∈ O[X], and if xi
a is a root of g, then for

any other root (whose existence is granted by n being at least 2) xj
a of f there would

exist some σ ∈ Aut(K̃/K) such that σ
(
xi
a

)
=

xj
a . Since g

(
xi
a

)
= 0, then g(xia ) ∈ M̃

and
g
(xj
a

)
= g

(
σ
(xi
a

))
= σ

(
g
(xi
a

))
∈ σ(M̃ ) = M̃ ,

implying that xj
a is also a root of g. In case g is X − x1

a , then its root is multiple in
f , so f itself cannot have simple roots whenever deg(f) ≥ 2.

2. Item number 1 allows us to “lift simple roots” in the following sense: let f ∈ O[X]
and a ∈ O be such that a is a simple root of f. If f1 . . . fm is a factorization into
irreducibles of f in O[X], then, say, f1(a) = 0. Since f1 is irreducible, either a is a
multiple root of f1 (hence of f) or deg(f1) = 1, because of the argument above. Since
a is a simple root, then f1 is a linear factor of f, i.e., f has a root. In particular, if
f1 = e(X − b), then e(X − b) = X − a, so e = 1, b = a and b is a root of f.

3. We are ready to prove Hensel’s Lemma for henselian valued fields. Let f ∈ O[X] and
let a ∈ O be such that v(f(a)) > 2v(f ′(a)), where v is the associated valuation of O.
The quadratic approximation of f at a given by Lemma 2.3.1 yields the expression

f(a−X) = f(a)−Xf ′(a) +X2g(X)

for some polynomial g ∈ O[X]. Since v
(

f(a)
f ′(a)2

)
> 0 (recall that f ′(a) is invertible

because its valuation is not infinite), we would like to divide by f ′(a)2 in order to
reduce modulo M . Indeed, write

f(a−X)

f ′(a)2
=

f(a)

f ′(a)2
− X

f ′(a)
+

X2

f ′(a)2
g(X),

and let Y = X
f ′(a) so that the above equation equals

f(a− f ′(a)Y )

f ′(a)2
=

f(a)

f ′(a)2
− Y + Y 2g(f ′(a)Y ).

Reducing modulo M yields

f(a− f ′(a)Y )

f ′(a)2
= Y (Y g(f ′(a)Y )− 1),
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which has 0 as a simple root. Lifting roots to O – using item number 2 – implies
that f(a−f ′(a)Y )

f ′(a)2 has a root b ∈ O such that b = 0, i.e. b ∈M , so a− f ′(a)b is a root
of f. Also

v(a− (a− f ′(a)b)) = v(f ′(a)b) = v(f ′(a)) + v(b) > v(f ′(a)).

4. Now, take for example a polynomial f = Xn + a1X
n−1 + . . .+ an−1X + an ∈ O[X].

Then, in order to get a simple root after reducing modulo M , one can require that
ai = 0 for any i ∈ {2, . . . , n} and that a1 6= 0. This is, if a1 6∈M and a2, . . . , an ∈M ,
then

f = Xn + a1X
n−1 = Xn−1(X + a1),

which has −a1 as a simple root. Note that f(−a1) ∈M and f ′(−a1) = ±an−1
1 + b

for some b ∈M . Hence v(f(−a1)) > 0 = 2v(f ′(−a1)2), so by Hensel’s lemma – i.e.,
item number 3 –, f must have a root.

5. This last item in turn implies henselianity of (K,O). Suppose otherwise, yielding a
finite extension N of K in which O has at least two extensions. Without loss, N/K
is Galois (by taking the Galois closure of N/K and extending the different extensions
of O to this closure). With the notation of Lemma 2.3.2, find some β ∈

⋂m
i=1Oi ∩L

such that β − 1 ∈ M1 and β ∈ Mj for any j ∈ {2, . . . ,m}. Since m ≥ 2, β 6∈ M1

and β ∈ M2, then β cannot be fixed by the K-automorphism taking O1 to O2,
so β 6∈ Fix(Aut(N/K)) = K. Therefore, since the extension is Galois, its minimal
polynomial f = Xn + a1X

n−1 + . . . + an ∈ K[X] is separable and cannot have a
root in K. But according to (the proof of) Lemma 2.3.2, since β − 1 ∈ M1, then
1 +a1 ∈M1 and aj ∈M1 for any other j ∈ {2, . . . , n}, contradicting item number 4.

We already know that if (K, v) is henselian and (L,w) ⊇ (K, v) is an algebraic extension,
then (L,w) is also henselian. If, instead, K ⊆ L and (L, v) is henselian, then by item 5
of Theorem 2.3.5, (K, v �K) is henselian if and only if for any separable polynomial in
(Ov ∩K)[X] of the form Xn + a1X

n−1 + . . .+ an, where a1 6∈Mv ∩K and ai ∈Mv ∩K
for any i ∈ {2, . . . , n}, has a root in Ov ∩K. Such a polynomial has already a root in Ov
because of henselianity of (L, v), so if K is separably closed in L, then such a root must
lie in K. This is,

Corollary 2.3.6. Let (L, v) be a henselian valued field and let K be a subfield of L. If K
is relatively separably closed in L, then (K, v �K) is henselian.

We will use the following

Fact 2.3.7 (Cf. Theorem 5.2.2. of [5]). Any valued field (K,O) has a henselian immediate
extension (Kh,Oh) which is minimal in the sense that for any other henselian extension
(L,O′) there is some (uniquely determined) K-embedding ι : (Kh,Oh) −→ (L,O′).

2.3.1 Hahn Series Fields and Kaplansky Theory

In this section we will introduce and prove some basic facts about Hahn series fields and
some related results about Kaplansky Theory. We will propose a solution to exercise 3.5.6
of [5], and follow closely some results of [9] which will introduce us to the model theory of
valued fields.
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Let (K, v) be a non-trivial valued field and let α, β, γ, ν, λ, ρ be ordinal numbers. A
sequence s = (aν)ν<ρ – with ρ being a limit ordinal – of elements of K is called a pseudo-
Cauchy sequence if for all α < β < γ < ρ we have

v(aγ − aβ) > v(aβ − aα).

An element b ∈ K is called a pseudo-limit of s if for all ν < ρ we have

v(b− aν) = v(aν+1 − aν).

Note that b is a pseudo-limit of s if and only of the sequence (v(b − aν))ν<ρ is strictly
increasing. We call (K, v) pseudo-complete, also known as spherically complete, if every
pseudo-Cauchy sequence of K has a pseudo-limit in K.

Pseudo-complete valued fields are examples of maximal valued fields, i.e., fields with no
proper immediate extensions. Indeed, assume that (K ′, v′) is an immediate extension of
(K, v) with K ′ = K(z) for some z ∈ K ′ \K. Let ∆ = {v′(z − a) : a ∈ K} ⊆ Γ′ = Γ. Note
that ∆ cannot have a greatest element. This is because if v′(z − a) is any element of ∆,
then v′(z − a) = v(b) for some b ∈ K – because Γ′ = Γ –, so v′

(
z−a
b

)
= 0. Choose some

d ∈ K such that v′
(
z−a
b − d

)
> 0 – using the fact that K ′ = K –, so that a+ bd ∈ K and

v′(z− a− bd) > v(a) = v′(z− a). Therefore ∆ has some (infinite) cofinality ρ. Let (δν)ν<ρ
be a cofinal sequence of ∆ and let (aν)ν<ρ ⊆ K be such that v′(z−aν) = δν . If α < β < ρ,
then

v′(z − aβ) = δβ > δα = v′(z − aα),

so
v(aβ − aα) = v′(aβ − z + z − aα) = v′(z − aα) = δα.

This implies that (aν)ν<ρ is pseudo-Cauchy, because if α < β < γ < ρ, then

v(aγ − aβ) = δβ > δα = v(aβ − aα).

However, (aν)ν<ρ cannot have any pseudo-limit in K, because if a ∈ K were some pseudo-
limit of the sequence, then there would be some ν < ρ such that v′(z−a) < δν = v(z−aν),
hence

δν = v(aν+1 − aν) = v(a− aν) = v′(a− z + z − aν) = v′(z − a),

which is absurd. We have proved the following propositions.

Proposition 2.3.8. Let (K, v) be a valued field.

1. If (v(z − aν))ν<ρ is strictly increasing, then (aν)ν<ρ is a pseudo-Cauchy sequence
having z as a pseudo-limit.

2. If (K ′, v′) ⊇ (K, v) is a proper immediate extension, then for any z ∈ K ′ \K there is
a pseudo-Cauchy sequence (aν)ν<ρ in K having z as pseudo-limit but without none
in K. In particular, any pseudo-complete valued field is maximal.

Maximal valued fields are examples of henselian valued fields, because of Lemma 2.3.2:
if (K,O) is maximal and (K ′,O′) is any finite extension of (K,O), then its Galois closure
(N, Õ) is also a finite extension of (K,O), unique under maximality of (K,O). Hence
(K ′,O′) is also a unique extension of (K,O).

The next definition will be used throughout the rest of this document.
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Definition 2.3.9. Let K be a field and Γ be an ordered abelian group. We define the
Hahn series field K

((
tΓ
))
, also called the Formal Power series field, as the set of all formal

sums
f =

∑
γ∈Γ

aγt
γ

where aγ ∈ K for any γ ∈ Γ, t is a symbol, and the set

Supp(f) := {γ ∈ Γ : aγ 6= 0}

is well-ordered.

We can endow K
((
tΓ
))
with a natural addition by defining∑
γ∈Γ

aγt
γ

+

∑
γ∈Γ

bγt
γ

 :=
∑
γ∈Γ

(aγ + bγ)tγ ,

and a natural multiplication defined by∑
γ∈Γ

aγt
γ

 ·
∑
γ∈Γ

bγt
γ

 :=
∑
γ∈Γ

 ∑
δ+ε=γ

aδbε

 tγ .

These operations are well defined: let f =
∑

γ∈Γ aγt
γ and g =

∑
γ∈Γ bγt

γ . If S is a
non-empty subset of Supp(f + g) and γ ∈ S, then aγ + bγ 6= 0, so either aγ 6= 0 or bγ 6= 0.
Then either γ ∈ S ∩ Supp(f) or γ ∈ S ∩ Supp(g), so minS equals

min{min(S ∩ Supp(f)),min(S ∩ Supp(g))}.

Also, if S ⊆ Supp(fg) and γ ∈ S, then∑
δ+ε=γ

aδbε =
∑
ε∈Γ

aγ−εbε

has finitely many non-zero summands, otherwise there would be infinitely many ε ∈ Γ
such that aγ−ε 6= 0 and bε 6= 0, and out of such ε’s there is either an infinite increasing
subsequence, yielding an infinite descending chain in Supp(f), or an infinite decreasing
subsequence, yielding an infinite descending chain in Supp(g). If (γi)i<ω is an infinite
descending chain of Supp(fg), then for each γi there are some δi, εi such that δi + εi = γi,
δi ∈ Supp(f) and εi ∈ Supp(g). If i < j then δi + εi = γi > γj = δj + εj , so either δi > δj
or εi > εj . Define f : [ω]2 −→ {0, 1} to be

f({i, j}) =

{
0 if i < j implies δi > δj ,

1 otherwise.

By Ramsey’s theorem, there is an infinite set A of ω such that f is constant on [A]2. If
f equals 0 in [A]2, then the sequence (δi : i < ω, i ∈ A) is strictly decreasing, which is
absurd. If f equals 1 in [A]2, then the sequence (εi : i < ω, i ∈ A) is strictly decreasing,
which is also absurd.

These operations turn K
((
tΓ
))
into a commutative ring with unity. In fact, it is a field.

This will be clear after defining the following function, which will serve as a natural valu-
ation on K

((
tΓ
))
.
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Define the function v : K
((
tΓ
))
−→ Γ ∪ {∞} by v(0) = ∞ and v(f) = min(Supp(f)).

Then v is a valuation on K
((
tΓ
))
. Indeed, if γ0 ∈ Γ, the series

∑
γ∈Γ aγt

γ given by aγ = 1 if
γ = γ0 and aγ = 0 otherwise, has valuation γ0, therefore v is a surjective function. Also, if
v(f) = γ1 and v(g) = γ2, then γ1 + γ2 ∈ Supp(fg) because δ < γ1 implies aδ = 0, γ1 < δ
implies γ1 + γ2 − δ < γ2 and bγ1+γ2−δ = 0, so that∑

δ∈Γ

aδbγ1+γ2−δ = aγ1bγ2 6= 0;

if γ < γ1 + γ2 then γ − γ2 < γ1, so for any δ ∈ Γ either δ < γ1 or γ − γ2 < δ, which yield
aδbγ−δ = 0 for any ε, i.e.

∑
δ∈Γ aδbγ−δ = 0, so that

v(fg) = min(Supp(fg)) = γ1 + γ2 = v(f) + v(g).

Moreover, without loss of generality, γ1 ≤ γ2, therefore

v(f + g) = min(Supp(f + g)) ≥ γ1 = min{v(f), v(g)}.

Before showing that any nonzero element of K
((
tΓ
))
is invertible, let us prove that this

ring, together with v, satisfies that any pseudo-Cauchy sequence (fi)i<ρ has a pseudo-
limit. For any i < ρ, let fi =

∑
γ ai,γt

γ . We want to construct a formal power series
g =

∑
γ bγt

γ ∈ K((tΓ)) such that v(g − fi) = v(fi+1 − fi) for any i < ρ. To that end, let
δi ∈ Γ be the valuation v(fi+1 − fi). Note that for any i < j < ρ, we have that

v(fj − fi) = v(fj − fi+1 + fi+1 − fi) = v(fi+1 − fi) = δi,

because v(fj − fi+1) > v(fi+1 − fi) by the pseudo-Cauchy condition on (fi)i<ρ. Similarly,
i < j < ρ implies

δj = v(fj+1 − fj) > v(fj − fi) = v(fi+1 − fi) = δi.

Therefore, for any i < j < ρ and any γ < δi we have that aj,γ − ai,γ = 0, i.e., aj,γ = ai,γ .
This shows that

bγ =

{
ai,γ if there is some δi > γ,

0 otherwise

is well defined. Hence, if i < ρ, then δi = v(fi+1 − fi) ∈ Supp(g − fi) because bδi = ai+1,δi

and
bδi − ai,δi = ai+1,δi − ai,δi 6= 0,

and if γ < δi then bγ = ai,γ and bγ − ai,γ = 0. It remains to see that g ∈ K
((
tΓ
))
, i.e.,

that Supp(g) is well ordered. Suppose otherwise, yielding an infinite descending chain
(γn)n<ω ⊆ Supp(g). Then there is some i < ρ such that γ0 < δi, for otherwise bγ0 = 0.
Then, for any n < ω, bγn = ai,γn 6= 0 and γn ∈ Supp(fi), which is absurd.

Now we are ready to prove that K
((
tΓ
))
is a (valued) field. Let f =

∑
γ aγt

γ ∈ K
((
tΓ
))
be

a non-zero element. Without loss of generality, if v(f) = γ, then aγ = 1 just by dividing
f by aγ , which we know is not zero. Let

∆ = {v(1− fg) : g ∈ K
((
tΓ
))
, 1− fg 6= 0}.

If ∆ has no maximal element, we can choose a cofinal sequence (v(1−fgi))i<ρ of ∆, whose
corresponding sequence (gi)i<ρ is pseudo-Cauchy. This is because for any pair i < j < ρ
we have that v(1− fgi) < v(1− fgj), implying that

v(f) + v(gj − gi) = v(fgj − fgi) = v(fgj − 1 + 1− fgi) = v(1− fgi),

15



i.e., v(gj − gi) = v(1− fgi)− v(f), and that

v(gk − gj) = v(1− fgj)− v(f) > v(1− fgi)− v(f) = v(gj − gi)

whenever i < j < k < ρ. Then any pseudo-limit h of (gi)i<ρ must satisfy 1 − fh = 0, for
otherwise v(1− fh) ∈ ∆, yielding some i < ρ such that v(1− fh) < v(1− fgi), but

v(fh− fgi) = v(f) + v(h− gi) = v(f) + v(gi+1 − gi) = v(1− fgi) > v(1− fh)

yields
v(1− fgi) = v(1− fh+ fh− fgi) = v(1− fh),

which is absurd. Therefore, it remains to prove that ∆ has no maximal element. To that
end, let g ∈ K

((
tΓ
))
be such that v(1− fg) <∞. Write f = tγ0 + aγ1t

γ1 + r1
5 with aγ1 6= 0,

γ0 < γ1 and v(r1) > γ1, and write 1 − fg = bδ0t
δ0 + r2 with bδ0 6= 0 and v(r2) > δ0.

We would like to construct some h ∈ K
((
tΓ
))
such that v(1 − fg) < v(1 − fh) < ∞. Let

h = g + g′ where g′ = cε0t
ε0 + tε1 , ε1 > ε0, so that we can choose ε0, cε0 and ε1 to fulfill

our requirements. In this way,

fg′ = cε0t
γ0+ε0 + aγ1cε0t

γ1+ε0 + cε0t
ε0r1 + tε1f.

Denote R = r2 − cε0tε0r1 − tε1f, so that

1− fh = 1− fg − fg′

= bδ0t
δ0 − cε0tγ0+ε0 − aγ1cε0t

γ1+ε0 +R.

Choose ε0 such that γ0 + ε0 = δ0, i.e. ε0 = δ0 − γ0, and choose cε0 = bδ0 , in order to get

1− fh = −aγ1bδ0t
γ1−γ0+δ0 +R.

Clearly γ1 − γ0 + δ0 > δ0. We now must choose some ε1 such that v(R) > δ0. Since

R = r2 − bδ0tδ0−γ0r1 − tε1f,

v(r2) > δ0 and v(−bδ0tδ0−γ0r1) = δ0 − γ0 + v(r1) > γ1 − γ0 + δ0 > δ0, we must choose ε1

such that v(−tε1f) = ε1 + v(f) > δ0, i.e., letting ε1 > δ0− v(f) = δ0− γ0, and big enough
so that v(1− fh) <∞.

As a summary, we have proved the following

Proposition 2.3.10. Let K be any field and Γ be any ordered abelian group. Then
(K
((
tΓ
))
, v) as defined above is a pseudo-complete valued field.

Because of Proposition 2.3.8, the Hahn series field (K
((
tΓ
))
, v) is maximal and thus

henselian. It is clear that its value group is Γ. The corresponding valuation ring and its
maximal ideal correspond to

K
[[
tΓ
]]

= {f ∈ K
((
tΓ
))

: v(f) ≥ 0}, M = {f ∈ K
[[
tΓ
]]

: v(f) > 0}

respectively. The function “evaluation at zero” ϕ : K
[[
tΓ
]]
−→ K is a surjective ring

homomorphism having M as kernel, so that the residue field of (K
((
tΓ
))
, v) is isomorphic

to K.
Another important consequence of maximality is that if K is algebraically closed and Γ

is divisible, thenK
((
tΓ
))
is algebraically closed. If it were not the case, K

((
tΓ
))
would admit a

proper algebraic extension, but immediate by Proposition 2.2.1, contradicting maximality.
This can be summarized as a

5If f = tγ , then f is already invertible.
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Corollary 2.3.11. Let K be a field and let Γ be an ordered abelian group. Then K
((
tΓ
))
is

algebraically closed if and only if K is algebraically closed and Γ is divisible.

Now let us return to Kaplansky theory. Let (K, v) be a valued field, and let (aν)ν<ρ be
a pseudo-Cauchy sequence in K. Then the set

π(x) = {v(x− aν) = v(aν+1 − aν) : ν < ρ}

is finitely consistent, because if ν1 < . . . < νn < νn+1 < ν < ρ, then v(aν − aνi+1) >
v(aνi+1 − aνi) implies

v(aν − aνi) = v(aν − aνi+1 + aνi+1 − aνi) = v(aνi+1 − aνi)

for any i ∈ {1, . . . , n}, therefore there is an elementary extension6 (K ′, v′) of (K, v) in
which π(x) is satisfiable, i.e., in which (aν)ν<ρ has a pseudo-limit a ∈ K ′. Then, the (ring)
type of a over K determines the type of the sequence (aν)ν<ρ as follows:

Definition 2.3.12. We say that the pseudo-Cauchy sequence (aν)ν<ρ is of transcendental
type over K if for any non-constant polynomial f ∈ K[X] we have that 0 is not a pseudo-
limit of (f(aν))ν<ρ, otherwise we call such a sequence of algebraic type over K.

If (aν)ν<ρ is of transcendental type over K, by Proposition 2.3.8, for any non-constant
polynomial f ∈ K[X], the sequence

(
v(f(aν))

)
ν<ρ

is not strictly increasing, so there must
be some eventual value of the latter sequence. This suggests a way to extend v to a
valuation w on K(X), namely the one that assigns f to the eventual value of the sequence(
v(f(aν))

)
ν<ρ

. This is indeed a valuation, for if f, g ∈ K[X], then there are some ordinals
ν1, ν2, ν3 < ρ such that v(f(aν)) = w(f) for any ν > ν1, v(g(aν)) = w(g) for any ν > ν2

and v((f + g)(aν)) = w(f + g) for any ν > ν3, so that

v(fg(aν)) = v(f(aν)) + v(g(aν)) = w(f) + w(g)

for any ν > max{ν1, ν2} and

w(f + g) = v((f + g)(aν)) ≥ min{v(f(aν), v(g(aν)))} = min{w(f), w(g)}

for any ν > max{ν1, ν2, ν3}.
Moreover, X ∈ K[X] is a pseudo-limit of the original pseudo-Cauchy sequence (aν)ν<ρ,

because for any ν0 < ρ, w(X − aν0) is the eventual value of (v(aν − aν0))ν<ρ, which equals
v(aν0+1 − aν0).

Clearly Γv = Γw. In fact, the extension (K(X), w) ⊇ (K, v) is immediate. Before proving
this, let us prove an auxiliary lemma concerning “pseudo-continuity” of polynomials.

Lemma 2.3.13. Let (aν)ν<ρ a pseudo-Cauchy sequence in a valued field (K, v), and let
f ∈ K[X]. Then (f(aν))ν<ρ is pseudo-Cauchy and f(a) is a pseudo-limit of (f(aν))ν<ρ
whenever a is a pseudo-limit of (aν)ν<ρ.

Proof. Let a be a pseudo-limit of the sequence (aν)ν<ρ in an extension of (K, v). Then, by
Lemma 2.3.1, we can write

f(aν)− f(a) =

n∑
i=1

fi(a)(aν − a)i.

Since v(fi(a)(aν − a)i) = v(fi) + iv(aν − a) and v(aν − a) is strictly increasing, there is
an index i0 ∈ {1, . . . , n} such that v(fi0) + i0v(aν − a) < v(fi) + iv(aν − a) for any i 6= i0
eventually.

6In a two sorted language corresponding to K and v(K), or in Ldiv (see below).
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Now, let f ∈ K[X] be such that w(f) = 0, i.e., such that there is some ν0 < ρ satisfying
v(f(aν)) = w(f) for any ν > ν0. By pseudo-continuity of f, f(X) = f is a w-pseudo-limit
of (f(aν))ν<ρ, i.e. the sequence

(
w(f − f(aν))

)
ν<ρ

is eventually strictly increasing. This
implies that there must be some ν such that w(f−f(aν)) > 0, this is, f+Mw = f(aν)+Mw.
This result extends to arbitrary fractions f

g ∈ K(X). If w(fg ) = 0 then w(f) = w(g) ∈ Γv,

i.e. there is some a ∈ K× such that w(f) = w(g) = v(a). Then we can run the argument
above with the polynomials f

a and g
a , yielding a pair of ordinal numbers ν1, ν2 < ρ such

that f
a + Mw = f(aν1) + Mw and g

a + Mw = g(aν2) + Mw. Therefore

f

g
+ Mw =

f(aν1)

g(aν2)
+ Mw

as we wanted. We have proved the following

Proposition 2.3.14. Let s = (aν)ν<ρ be a pseudo-Cauchy sequence in (K, v) without
pseudo-limit in K. If s is of transcendental type over K, then there is a proper immediate
extension (K(X), w) of (K, v) in which X is a pseudo-limit of s.

The same is true for sequences of algebraic type over K.We will state the corresponding
result without proof, and refer the reader to [12].

Fact 2.3.15. Let s = (aν)ν<ρ be a pseudo-Cauchy sequence in (K, v) without pseudo-limit
in K. If s is of algebraic type over K and µ ∈ K[X] is a non-constant polynomial of
minimal degree such that (µ(aν))ν<ρ has 0 as pseudo-limit, then

1. µ is irreducible and deg(µ) ≥ 2,

2. there is an immediate proper extension (K(a), w) of (K, v) such that a is a pseudo-
limit of (aν)ν<ρ and µ(a) = 0.

As a summary, whenever (K, v) is not pseudo-complete, then it has some proper imme-
diate extension, i.e., (K, v) is not maximal. This is,

Corollary 2.3.16. Let (K, v) be a valued field. Then (K, v) is pseudo-complete if and only
if it is maximal.

Fact 2.3.15 implies that whenever (K, v) has a pseudo-Cauchy sequence of algebraic type
over K without pseudo-limit in K, then there is an algebraic proper immediate extension
(K(a), w) of (K, v). We then say that a valued field is algebraically maximal if it does
not admit any algebraic proper immediate extension. Then the statement above can be
restated as saying that any pseudo-Cauchy sequence in an algebraically maximal valued
field (K, v) must have a pseudo-limit in K.

The converse of the latter statement is, in fact, also true, because if (L,w) ⊇ (K, v) is
an algebraic proper immediate extension and z ∈ L \K, then by Proposition 2.3.8, there
is a pseudo-Cauchy sequence (aν)ν<ρ in K having z as a pseudo-limit and having none in
K. If µ ∈ K[X] is the minimal polynomial of z over K, it follows from pseudo-continuity
that (µ(aν))ν<ρ has µ(z) = 0 as a pseudo-limit, i.e., (aν)ν<ρ is of algebraic type over K.
This is,

Corollary 2.3.17. Let (K, v) be a valued field. Then it is algebraically maximal if and
only if any pseudo-Cauchy sequence in K of algebraic type over K has a pseudo-limit in
K.
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As a consequence of the fundamental inequality, if (K, v) is henselian of residue charac-
teristic 0, then for any finite extension (L,w) we have that

[L : K] = [kw : kv][Γw : Γv],

so (L,w) cannot be a proper immediate extension. Together with the paragraph after
Proposition 2.3.8, we have proved the following

Corollary 2.3.18. Let (K, v) be a valued field of residue characteristic 0. Then it is
henselian if and only if it is algebraically maximal. In particular, its henselization Kh is
the unique algebraically maximal extension of (K, v).

2.3.2 Pas’ Theorem

We now discuss the model theory of valued fields. First of all, the language in which we will
be mainly interested in is the Denef-Pas language LDP , which is the following three-sorted
language.

The first sort VF has the language of rings, and is meant to be interpreted by a valued
field K. The second sort Γ has the language of ordered abelian groups with the symbol∞,
which will be intepreted by the value group Γv of the valued field of the first sort, in the
usual way. The third sort k has the language of rings and is meant to be interpreted by
the residue class field kv of the valued field of the first sort. We will equip these sorts with
a symbol v : VF −→ Γ to be interpreted as the valuation v, and a symbol ac : VF −→ k
to be interpreted as an angular component map, i.e. a surjective function ac : K −→ kv
such that

1. ac(x) = 0 if and only if x = 0,

2. ac �K× : K× −→ k×v is a group homomorphism, and

3. ac(x) = x+ Mv for any x ∈ O×v .

Note that the residue map is interpretable in this language, by defining it as ac in any
element whose valuation is zero, and as zero otherwise.

If K is any field and Γ is any ordered abelian group, then the function ac : K
((
tΓ
))
−→ K

defined as ac(f) = av(f) whenever f =
∑

γ aγt
γ defines an angular component map.

The theory of henselian valued fields of equicharacteristic 0 admitting an angular com-
ponent map is denoted by TPas. We now state the main result of this section, due to
Pas.

Let ∆0 be the following set of LDP -formulas:

X ϕ(x), where x is a tuple of variables of the valued field sort and ϕ(x) is a quantifier
free Lring-formula,

X ψ(v(t1(x)), . . . , v(tn(x)), y) where the ti are Lring-terms, x is a tuple of variables of
the valued field sort, y is a tuple of variables of the value group and ψ(y1, . . . , yn, y)
is any Loag-formula,

X θ(ac(t1(x)), . . . , ac(tn(x)), z) where the ti are Lring-terms, x is a tuple of variables of
the valued field sort, z is a tuple of variables of the residue field and θ(z1, . . . , zn, z)
is any Lring-formula.

Let ∆ be the set of boolean combinations of formulas from ∆0.
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Theorem 2.3.19 (Pas’ Theorem, cf. Theorem 6.7 of [9]). The theory TPas eliminates
VF-quantifiers, i.e. any LDP -formula is equivalent to some ∆-formula, modulo T.

Before proving this theorem, we need a couple of lemmas.

Lemma 2.3.20. Let (K, v, ac) be a valued field with angular component.

1. If x ∈ K× and y ∈ K× satisfies v(y − x) > v(x), then ac(x) = ac(y).

2. If (L,w) ⊇ (K, v) satisfies Γw = Γv, then ac extends uniquely to an ac-map in L.

3. If (L,w, acw) ⊇ (K, v, acv), then the extension acw is determined by its values on
representatives of generators of the group Γw/Γv.

Proof. 1. If v(y − x) > v(x), then v( yx − 1) > 0 and v(y) = v(y − x + x) = v(x), so
v( yx) = 0. Therefore ac( yx) = y

x + Mv = 1 + Mv, so ac(y) = ac(x).

2. Suppose acw is an ac-map in L that extends ac . Since Γw = Γv, for any y ∈ L×

there is some x ∈ K× such that w(y) = v(x) = w(x), so that w( yx) = 0. Then
acw( yx) = res( yx), i.e., acw(y) = acw(x) res( yx) = acv(x) res( yx). This is in turn a well
defined function.

3. Suppose S ⊆ Γw/Γv is a set of generators, and let S∗ = {a ∈ L× : w(a) + Γv ∈ S}.
Suppose acw and ac′w are two ac-maps in L, extending acv, that coincide in S∗,
and let y ∈ L×. Then w(y) + Γv =

∑
iw(ai) + Γv = w(a1 . . . an) + Γv for some

a1, . . . , an ∈ S∗, so w( y
a1...an

) = w(x) for some x ∈ K×. Therefore w( y
xa1...an

) = 0
and acw( y

xa1...an
) = res( y

xa1...an
). Analogously ac′w( y

xa1...an
) = res( y

xa1...an
), so

acw(y) = acv(x) acw(a1 . . . an) res

(
y

xa1 . . . an

)
= acv(x) ac′w(a1 . . . an) res

(
y

xa1 . . . an

)
= ac′w(y).

Lemma 2.3.21. Let (L,w) ⊇ (K, v) be an extension of valued fields with residue charac-
teristic 0 such that (L,w) is henselian and kw = kv.

1. For any a ∈Mw and any positive integer n, there is some b ∈ Ow such that bn = 1+a.

2. Let γ ∈ Γw ∩ Div(Γv) and let n be minimal such that nγ ∈ Γv. Then there is some
b ∈ L such that w(b) = γ and bn ∈ K.

Proof. 1. Consider the polynomial Xn − (a+ 1) ∈ Ow[X]. Then Xn − (a+ 1) has 1 as
a simple root, because its derivative is nXn−1 and n1 6= 0. By Theorem 2.3.5, there
is some b ∈ Ow such that bn − (a+ 1) = 0 and b+ Mw = 1 + Mw.

2. Let a ∈ L× be such that γ = w(a) and let c ∈ K× be such that nw(a) = w(c),
i.e. w(a

n

c ) = 0. Use the equality kw = kv to find some d ∈ Ow ∩ K such that
res(a

n

c ) = res(d) 6= 0, so d ∈ O×w and res(a
n

cd ) = 1. Then an

cd − 1 = e ∈ Mw, so that
item 1 above implies that an

cd = e + 1 = fn for some f ∈ Ow. Thus cd = ( af )n ∈ K
and w(fn) = w(1 + e) = 0, so w(f) = 0 and w( af ) = w(a) = γ.
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Let M = (K,Γv, kv),N = (L,Γw, kw) be models of TPas, with K being countable and
N being ℵ1-saturated. Let A = (VF(A),Γ(A),k(A)) be a substructure of M and let
f = (fVF, fΓ, fk) : A −→ N be an LDP -embedding such that fΓ and fk are elementary.
We aim to extend f to an LDP -embedding f̃ = (f̃VF, f̃Γ, f̃k) : M −→ N.

If γ ∈ Γv \ Γ(A), then the pushforward of tp(γ/Γ(A)) via fΓ is a type in N with a
countable set of parameters, realised by some γ∗ ∈ Γw because of ℵ1-saturation. Then f̃Γ

can be defined in γ as γ∗, which is again elementary. In the same way it is possible to
define f̃k in any element of kv \ k(A).

It is also possible to extend fVF to the field generated by VF(A), by defining f̃VF(a−1) =
(fVF(a))−1. In this way, we define v(a−1) = −v(a) and ac(a−1) = (ac(a))−1 for any non-
zero element a ∈ VF(A)

Thus we may assume that A = (VF(A),Γv, kv), where VF(A) is a valued field with
valuation v �VF(A) . Let ΓVF and kVF = OVF�MVF

be the corresponding value group
and residue class field, so that ΓVF is a subgroup of Γv and kVF is a subfield of kv. First,
we seek to extend fVF so that we may assume that kVF = kv.

1. If α ∈ kv ∩ kalgVF, let fmin ∈ kVF[X] be its minimal polynomial. Then α is a simple
root of fmin, so by henselianity of (VF(A)alg ∩ K, v �VF(A)alg∩K), there is some
root a ∈ OVF(A)alg of a lift fmin ∈ OVF[X] of fmin satisfying a + Mv = α. This
can be achieved since char(K) = 0 implies that relative algebraic closure equals
relative separable closure, so henselianity of (VF(A)alg ∩ K, v �VF(A)alg∩K) follows
from Corollary 2.3.6. Let b ∈ L be a root of fVF(fmin) such that b + mw = f̃k(α).
By the fundamental inequality, v �VF(A) extends uniquely to VF(A)(a) whenever
such extension has kVF(α) as residue field. By the same reason, such an extension
satisfies that [ΓVF(A)(a) : ΓVF(A)] = 1, therefore ac �VF also extends uniquely to this
field by Lemma 2.3.20. Then we can define f̃VF(a) = b.

2. If α ∈ kv \kalgVF and a+Mv = α for some a ∈ K×, then a 6∈ OalgVF, for otherwise there
would be some g ∈ OVF[X] such that g(a) = 0, so g ∈ kVF[X] and g(a) = g(α) = 0.
By Observation 2.3.4, a is transcendental over VF(A). Let b ∈ L be such that b is
not algebraic over fVF(OVF) and b + Mw = f̃k(α). The Gauss extension of v �VF

to VF(A)(a) is the unique possible extension having kVF(α) as residue field and not
extending the value group, as stated in Lemma 3.19 of [18]. Again, by Lemma 2.3.20,
ac �VF extends uniquely to VF(A)(a). Then we can define f̃VF(a) = b.

Now we deal with value groups, and seek to extend f̃VF so that we can also assume that
Γv = ΓVF.

3. If γ ∈ Γv ∩ Div(ΓVF), use Lemma 2.3.21 to find some a ∈ K such that v(a) = γ
and an ∈ VF(A), where n is the least positive integer satisfying nγ ∈ ΓVF. By the
fundamental inequality, there is a unique extension of v �VF to VF(A)(a) having
ΓVF(γ) as value group, and whose residue field does not grow. Now we want to
find some b ∈ L such that w(b) = f̃Γ(γ) and acw(b) = f̃k(ac(a)), in order to define
f̃VF(a) = b. Let c ∈ L be such that w(c) = f̃Γ(γ) and cn ∈ fVF(VF(A)). Therefore
ac(c)n ∈ kfVF(VF(A)) = f̃k(kv). Since f̃k(kv) � kw, the subfield f̃k(kv) is relatively
algebraically closed in kw, so ac(c) ∈ f̃k(kv). Therefore f̃k(ac(a)) ac(c−1) is also
an element of f̃k(kv), so there exists some d ∈ O×fVF(VF(A)) such that res(d) =

f̃k(ac(a)) ac(c−1). Then f̃k(ac(a)) = ac(cd) and w(cd) = f̃Γ(γ), so b = cd is as
wanted.
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4. If γ ∈ Γv \ Div(ΓVF), let a ∈ K be such that v(a) = γ. Then ac(a) ∈ kv = kVF,
so there is some c ∈ O×VF such that ac(a) = ac(c), so ac(ac ) = 1. Find some b ∈ L
satisfying w(b) = f̃Γ(γ) and ac(b) = 1. Since γ 6∈ Div(ΓVF), then a is transcendental
over VF(A), as stated in Lemma 3.20 of [18]. Therefore the extension given by
f̃VF(a) = b is uniquely determined by the Gauss extension of v �VF(A), which in this
case satisfies that its value group is ΓVF⊕Zγ and whose residue field does not grow.

Finally, we arrive at assuming that the extensionK/VF(A) is immediate. Since henseliza-
tions are immediate extensions, we may assume also that VF(A) is henselian.

5. Let a ∈ K \VF(A). By Lemma 2.3.8, there is a pseudo-Cauchy sequence (aν)ν<ω
in VF(A) having a as pseudo-limit in K but with none in VF(A). By Corollary
2.3.18, VF(A) is algebraically maximal, so that (aν)ν<ω is of transcendental type
over VF(A). Therefore, by Proposition 2.3.14, the extensionK/VF(A) is determined
by a being a pseudo-limit of (aν)ν<ω, so we can find some b ∈ L such that b is a
pseudo-limit of (fVF(aν))ν<ω. Then we can define f̃VF(a) = b.
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3 The Dp-finite Case

3.1 Dp-finite Hahn Series Fields
In this section we will present a construction of dp-finite Hahn series fields. First, we will
use the following result as a black box. It can be found in [17], Theorem 2.2.7, where it
refers to burden instead of dp-rank. These two notions coincide whenever the theory is
dependent, and can be computed via inp-patterns as in Proposition 2.1.11.

Fact 3.1.1 (Cf. Theorem 2.2.7 of [17]). Suppose T is a theory of henselian valued fields in
the language LDP admitting VF-quantifier elimination. Let TV G and TRF be the induced
theories on the value group and the residue field respectively. Then

dp-rk(T ) = dp-rk(TRF ) + dp-rk(TV G).

In particular, Pas’ theorem guarantees that for any field K of characteristic zero and
any ordered abelian group Γ,

dp-rkLDP

(
K
((
tΓ
)))

= dp-rkLring
(K) + dp-rkLoag

(Γ). (3.1.1)

For positive equicharacteristic, Theorem 4.4 of [2] states that algebraically maximal
Kaplansky fields also admit VF-quantifier elimination, so equation 3.1.1 also holds. The
following definition can be found in section 13.11 of [13].

Definition 3.1.2. A Kaplansky field is a valued field of characteristic p ≥ 0 whose value
group is p-divisible whenever p > 0, and whose residue field is perfect and does not admit
any finite separable extension of degree divisible by p.

Examples of algebraically maximal Kaplansky fields are Falgp
((
tΓ
))
for any p-divisible

ordered abelian group Γ.
In order to exploit equation 3.1.1, we would like to know which ordered abelian groups

and which fields are dp-finite. We begin with the case of ordered abelian groups. The
following result is Theorem 1.2 of [4], and such results of classification of dp-finite ordered
abelian groups have also been obtained independently by Halevi and Hasson in [7] and by
Farré in [6].

Definition 3.1.3. Let (Γ,+, 0, <) be an ordered abelian group.

1. A number n ∈ N is called singular for Γ if [Γ : nΓ] = ∞. The set of all singular
primes for Γ is denoted by Psing.

2. Let n be a positive integer and let γ ∈ Γ. If γ ∈ nΓ, define Hn(γ) = {0}. Otherwise,
let Hn(γ) be the largest convex subgroup of Γ satisfying γ 6∈ Hn(γ) + nΓ.

3. For a pair γ, γ′ ∈ Γ we say that γ ∼n γ′ if Hn(γ) = Hn(γ′). Define Sn to be the
imaginary sort Γ�∼n.

If [Γ : nΓ] is infinite and n = pk1
1 . . . pkmm is the prime decomposition of n, by the Chinese

Reminder Theorem there is some pkii such that [Γ : pkii Γ] is infinite. If [Γ : piΓ] is finite,
and since

Γ�piΓ
∼= Γ/pkii Γ�piΓ/pkii Γ and piΓ�pkii Γ

∼= Γ�pki−1
i Γ,
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Lagrange’s theorem and an induction hypothesis would imply that

|Γ/pkii Γ| = [Γ/pkii Γ : piΓ/p
ki
i Γ]|piΓ/pkii Γ|

= |Γ�piΓ||
Γ�pki−1

i Γ|

is finite, which is absurd. Therefore, if Γ has no singular prime numbers, then Γ has no
singular numbers at all.

Fact 3.1.4. (Cf. Theorem 1.2 of [4]) An ordered abelian group (Γ,+, 0, <) has finite
dp-rank if and only if the following two conditions hold:

X Γ has only finitely many singular primes.

X For every singular prime p, the sort Sp is finite.

Moreover, the dp-rank of Γ in this language is bounded above by

1 +
∑

p∈Psing

|Sp|.

There is an important set of ordered abelian groups whose dp-ranks range over all finite
cardinals. In the spirit of the latter theorem, they are groups with just one singular prime
p, and whose sort Sp is of fixed size, or alternatively, archimedian groups whose set of
singular primes is fixed. This example can be found in chapter 5 of [4].

Example 3.1.5. Let p be a prime number and let Z(p) be the localization of the ring Z to
the ideal generated by p. Fix a countable linearly independent set C of R over Q consisting
only of irrational numbers, and let

Gp = Z(p)C =

{
n∑
i=1

aici : n ∈ N, ai ∈ Z(p), ci ∈ C

}
,

ordered with the usual order in R. Therefore, as an ordered abelian group, Gp is archime-
dian. If q is any prime number, then

qGp = (qZ(p))C

=

{
Z(p)C if q 6= p,

(pZ(p))C otherwise

=

{
Gp if q 6= p,

(pZ(p))C otherwise,

so that
Gp�qGp

∼=

{
{0} if q 6= p,⊕

i<ω Z/pZ otherwise,

i.e. p is the only singular prime for Gp. Since Gp ≤ R, it cannot have non-trivial convex
subgroups, so |Sp| = 1.

X In order to get a group of fixed rank k, we can look at

Gp,k :=
k⊕
i=1

Gp,
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ordered lexicographically. Then p is again the only singular prime for Gp,k, but now
there are k convex subgroups out of which |Sp| = k. Together with Fact 3.1.4, the
dp-rank of Gp,k is at most 1+k. Indeed, its dp-rank equals 1+k. Dolich and Goodrick
exhibit an inp-pattern of length 1 + k after the construction of Gp,k in [4].

X If we want to build an archimedian ordered abelian group with dp-rank 1 + n for
some fix n ∈ N, fix a set P = {p1, . . . , pn} of prime numbers. If b1, . . . , bn ∈ R are
linearly independent irrationals over Q(C),7 then

GP := Q+ b1Gp1 + . . .+ bnGpn
∼= Q⊕

n⊕
i=1

Gpi

ordered as a substructure of R yields an archimedian ordered abelian group, so that
if p is singular for GP , then |Sp| = 1. If q is any prime number, then

GP�qGP
∼= {0} ⊕

n⊕
i=1

Gpi�qGpi

∼=

{
{0} if q 6∈ P,
Gpi�piGpi if q = pi ∈ P,

so P is exactly Psing for GP . Again, by Fact 3.1.4, the dp-rank of GP is at most 1+n.

Note that GP is dense in R because it contains Q, but it is not divisible. Indeed, if b1c1p1

were an element of GP , by linear independence of {b1, . . . , bn} over Q(C) we would have
that c1

p1
∈ Gp1 , and by linear independence of C over Q we would have that 1

p1
∈ Z(pi),

which is absurd. Note also that GP is p-divisible for any prime p 6∈ P. We can prove even
more, namely

Proposition 3.1.6. The dp-rank of GP is exactly 1 + n.

Proof. We already know that its dp-rank is at most 1 + n. We will present an inp-pattern
for Γ = GP of length 1 + n, in order to conclude that

dp-rkLoag
(GP ) = 1 + n.

The formulas will be ϕ0(x; y, z) : y < x < z, and ϕα(x; y) : x − y ∈ pαΓ for any
α ∈ {1, . . . , n}.

Define (a0
i )i<ω = (ci, di)i<ω such that ci < di < ci+1 for any i < ω, so the first row

{ϕ0(x; a0
i ) : i < ω}

is 2-inconsistent. Let q = p1 . . . pn, qα = p1 . . . pα−1pα+1 . . . pn and let (bαi )i<ω be any
infinite sequence of representatives of distinct classes of Γ�pαΓ. These classes exist because
P is exactly the set of singular primes of Γ. Now define (aαi )i<ω = (qαb

α
i )i<ω. Then each

of the rows
{ϕα(x; aαi ) : i < ω}

is 2-inconsistent, because if i 6= j and qα(bαi − bαj ) = pαγ for some γ ∈ Γ, then, as
qα is invertible modulo pα, there are some k, l ∈ Z such that pαk + 1 = qαl, yielding
bαi − bαj = pα(lγ − k(bαi − bαj )) and contradicting the choice of the sequence (bαi )i<ω.

7These elements exist because [R : Q] = [R : Q(C)][Q(C) : Q] is uncountable and [Q(C) : Q] is countable.
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Let η : {0, . . . , n} −→ ω be any function. If γ ∈ Γ then, by construction, any element
γη of the form

qγ +
n∑

α=1

aαη(α)

satisfies ϕα(x; aαη(α)) for each α ∈ {1, . . . , n}, so for it to satisfy ϕ0(x; a0
η(0)) it is enough to

find some γ ∈ Q ⊆ Γ satisfying

cη(0) −
∑n

α=1 a
α
η(α)

q
< γ <

dη(0) −
∑n

α=1 a
α
η(α)

q
.

There is a similar clasification of dp-finite (pure) fields, but lacking of explicit bounds
of the dp-rank, due to Will Johnson. It is Theorem 1.3 in [11], and the definition below
can be found in chapter 11 of [13].

Definition 3.1.7. Let (K, v) ⊆ (L,w) be an extension of valued fields. We say that the
extension is defectless if

[L : K] = [kw : kv][Γw : Γv],

and say that a henselian valued field (K, v) is defectless if its extension to the algebraic
closure Kalg is defectless.

Theorem 11.27 of [13] asserts that any pseudo-complete valued field is defectless and,
as we already know, henselian. Therefore the natural valuation of K

((
tΓ
))
is henselian and

defectless for any field K and any ordered abelian group Γ.

Fact 3.1.8 (Cf. Theorem 1.3 of [11]). A field K is dp-finite if and only if there is a
henselian defectless valuation v on K satisfying the following conditions:

X The residue field kv is elementary equivalent to Falgp or to some finite extension of
R or Qp.

X The value group Γv is dp-finite in Loag.

X If char(K) = p > 0, then Γv is p-divisible.

X If (K, v) is of mixed characteristic (0, p), then [−v(p), v(p)] ⊆ pΓv.

Moreover, Theorem 1.1 of [10] states that under the same conditions, if Γv has no singular
primes, then (K, v) is dp-minimal as a valued field and therefore as a pure field whenever
K is infinite. This can be stated as the following

Corollary 3.1.9. If char(K) = 0 and K is a finite extension of R or Qp, and if Γ is an
ordered abelian group without singular primes, then K

((
tΓ
))
is dp-minimal as a pure field.

The same conclusion holds for K = Falgp and any p-divisible non-singular Γ.

One natural question that arises from Fact 3.1.8 is if there are bounds for the dp-rank
of such fields. If K has equicharacteristic zero and (K, v) admits an ac-map, Sinclair’s
Theorem 3.1.1 gives such bounds. Then we can ask how sharp this bound is, for example,
for Hahn series fields K

((
tΓ
))
.
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As a first attempt, we may look at definability of v in Lring. A valued field (K, v)
satisfying this condition would certainly satisfy that

dp-rkLring
(K) = dp-rkLdiv

(K),

where Ldiv is defined as Lring together with a binary relation symbol “|” to be interpreted
as x|y if and only if v(x) ≤ v(y), or equivalently, yx−1 ∈ Ov. This is relevant because
any inp-pattern in Loag induces another inp-pattern in Ldiv of the same length. This is a
consequence of the following

Proposition 3.1.10. Let (K, v) be a valued field with value group Γ. Then, for any Loag-
formula ϕ(x) there exists some Ldiv formula ϕ∗(x) such that for any |x|-tuple a ∈ K,

Γ |= ϕ(v(a))⇐⇒ (K, v) |= ϕ∗(a).

Proof. We start by looking at Loag-terms. For constants in Loag, define 0∗ = 1 and
∞∗ = 0. If t1(x), t2(x) are arbitrary Loag-terms, define (t1(x) + t2(x))∗ = t∗1(x)t∗2(x) and
(−t1(x))∗ = t∗1(x)−1. Then, for any a ∈ K and any Loag-term t, we have that

t(v(a)) = v(t∗(a)).

Now let ϕ(x) be t1(x) < t2(x) or t1(x) = t2(x) for some Loag-terms t1, t2. Define ϕ∗(x)
to be v(t∗1(x)) < v(t∗2(x)) and v(t∗1(x)) = v(t∗2(x)) respectively. Because of the displayed
equality, the conclusion holds for ϕ. After defining (¬ϕ(x))∗ and (ϕ(x) ∧ ψ(x))∗ to be
¬ϕ∗(x) and ϕ∗(x) ∧ ψ∗(x) respectively, the inductive steps hold. Finally, if ϕ(x) is the
formula ∃yψ(y, x), then take ϕ∗(x) as ∃yψ∗(y, x). If a is a |x|-tuple of K, then

Γ |= ϕ(v(a))⇐⇒ Γ |= ψ(v(b), a) for some b ∈ K,
⇐⇒ (K, v) |= ψ∗(b, a)

⇐⇒ (K, v) |= ϕ∗(a).

Therefore, if d = dp-rkLDP

(
K
((
tΓ
)))
, then

dp-rkLoag
(Γ) ≤ dp-rkLdiv

(
K
((
tΓ
)))
≤ d.

The next result is now relevant. It is part 2 of Theorem 3.1 in [8].

Definition 3.1.11. An ordered abelian group Γ is said to be p-regular for a prime number
p if and only if all proper quotients over convex subgroups of Γ are p-divisible. In addition,
Γ is said to be regular if it is p-regular for all prime numbers p.

It is proved in [19] that regularly dense ordered abelian groups are elementary equivalent
to archimedean groups. Since GP is archimedean, we have trivially that it is regular.

Fact 3.1.12 (Cf. Theorem 3.1 of [8]). Let (K, v) be a henselian valued field. If Γv is
regular but not divisible, then v is definable without parameters, i.e. there is a parameter-
free Lring-formula µ(x) such that µ(K) = Ov.

If Ov is definable, then Mv is also definable, for any element of K is in Mv if and only
if it is a non-invertible element of Ov.

If the field K
((
tΓ
))
has dp-finite rank in LDP then, as K

[[
tΓ
]]
is definable in this language,

it has also dp-finite rank in LDP and therefore, as a pure ring, it is NIP. The following
fact implies that this is all we need.

27



Fact 3.1.13 (Cf. Proposition 2.8 of [3]). Let R be an integral domain and let S be a
multiplicative subset of R.

1. If S is definable, then the burden of R equals the burden of (S−1R,R).

2. If S is externally definable in R and R is NIP, then (S−1R,R) is NIP and, by the
latter item, dp-rk(R) < κ⇐⇒ dp-rk(S−1R,R) < κ for every cardinal κ.

Note that whenever R is a valuation ring and S = R\{0}, then (S−1R,R) is (interdefin-
able with) the valued field K = Quot(R) with valuation ring R seen as an Ldiv-structure.
This is,

dp-rkLring
(R) = dp-rkLdiv

(K,R)

whenever R is dependent.

Corollary 3.1.14. Let K be a field of characteristic zero or Falgp , and let Γ be an ordered
abelian group. Let d <∞ be the dp-rank of K

((
tΓ
))
in LDP . Then

dp-rkLoag
(Γ) ≤ dp-rkLring

(
K
[[
tΓ
]])
≤ d.

Furthermore, if Γ is regular but not divisible, then

dp-rkLoag
(Γ) ≤ dp-rkLring

(
K
((
tΓ
)))
≤ d.

If we wanted to narrow the possible values of dp-rkLring

(
K
((
tΓ
)))
, we could, for instance,

declare K to be dp-minimal and Γ to be regular and not divisible, yielding that it is either
dp-rkLoag

(Γ) or dp-rkLoag
(Γ) + 1. For example, take Γ = GP for a fix set of prime numbers

P = {p1, . . . , pn}, and take K = C,R or Falgq for some prime number q 6∈ P.

Question 3.1.15. What is the dp-rank of K
((
tGP
))
and of K

((
tΓ1
))((
tGP2

))
as rings whenever

K ∈ {R,C,Qp,Falgq } (q 6∈ P ) and Γ ∈ {Z,Q,Z(p)}?

Definition 3.1.16. Let (K, v) be a valued field with value group Γ. A cross section is a
group homomorphism ι : Γ −→ K× such that v ◦ ι = idΓ.

Examples of cross sections are γ 7→ tγ in K
((
tΓ
))
and n 7→ pn in Qp. If (K, v) admits a

cross section, then it admits an ac-map by defining it in x to be x
ι(v(x)) + Mv whenever

x ∈ K×.
Cross sections are useful to translate inp-patterns from Γv to (K, v), but they are not

everything we need to this end. Since Γv is ordered, we would like to be able to decide
whether γ1 < γ2 by means of ι with a formula in Lring, which is, of course, equivalent to
definability in Lring of Ov. Therefore, together with Fact 3.1.12 and Proposition 3.1.10,
we can give an explicit inp-pattern in K

((
tGP
))
of length 1 + |P |.

Example 3.1.17. Since GP is archimedean but not divisible, K
[[
tGP
]]

= O and M are
Lring-definable in K

((
tGP
))
. Consider the following list of formulas and parameters in

K
((
tGP
))
.

X Let ϕ0(x; y, z) be the formula x
y ∈ M ∧ z

x ∈ M . This formula says that v(y) <

v(x) < v(z). Take as parameters (a0
i )i<ω = (tci , tdi)i<ω for any sequence of tuples

(ci, di) in Q× such that ci < di < ci+1 for all i < ω. It follows that {ϕ0(x; a0
i ) : i < ω}

is 2-inconsistent.
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X For any α ∈ {1, . . . , n}, let ϕα(x; y) be the formula ∃ξ(ξpαy = x). Take as parame-
ters (aαi ) = (tb

α
i )i<ω, where (bαi )i<ω is the sequence of parameters of the αth row of the

inp-pattern in Proposition 3.1.6. Then {ϕα(x, aαi ) : i < ω} is 2-inconsistent. Indeed,
if i 6= j and f1, f2 ∈ K

((
tGP
))
are such that fpα1 tb

α
i = fpα2 tb

α
j , then pαv(f1) + bαi =

pαv(f2) + bαj and pα divides bαi − bαj , which contradicts the choice of (bαi )i<ω.

Let η : {0, . . . , n} −→ ω be any function. Then, following the argument of Proposition
3.1.6, the element tγη satisfies {ϕ0(x; a0

η(0)), . . . , ϕn(x; anη(n))}.

Note that we do not need the witness of {ϕ0(x; a0
η(0)), . . . , ϕn(x; anη(n))} to be exactly tγη .

Instead, we could use any element of the set {f ∈ K
((
tGP
))

: v(f) = γη}, which is known as
the fan around γη. In particular, if we wanted to add another row to the latter inp-pattern,
we could for instance take a formula ψ(x; y) that divides in K (with parameters (ai)i<ω)
and declare the row to be {ψ(ac(x), ai) : i < ω} whenever ac is Lring-definable. This is
not always the case: if K is algebraically closed and Γ is divisible, K

((
tΓ
))
is algebraically

closed by Corollary 2.3.11, yielding that the set {f ∈ K
((
tΓ
))

: ac(f) = ac(1)} is either
finite or cofinite. Since K× is infinite and ac is surjective, this set must be finite, but it is
not finite for it contains the ball {f ∈ K

((
tΓ
))×

: v(f − 1) > 0}, in light of Lemma 2.3.20.
Since GP is not divisible, we can hope that ac is, at least, Ldiv-definable.

Question 3.1.18. Is ac Lring-definable or Ldiv-definable in K
((
tGP
))
?

Note that if ac is Lring-definable in K
((
tGP
))
, we do not need to worry about adding

another row to our inp-pattern, for as O is already Lring-definable, then (K
((
tGP
))
, v) as

a ring has essentially the same structure as in LDP , and by Sinclair’s Theorem 3.1.1 we
would know exactly its dp-rank.

Another alternative in adding another row to our inp-pattern can be the following.
Suppose K[tGP ] := {f ∈ K

((
tGP
))

: Supp(f) is finite } is Lring-definable, and suppose
moreover that it has a definable graduation: K[tGP ] =

⊕
n<ω Gn with Lring-definable

Gn := {f ∈ K[tGP ] : |Supp(f)| = n}. Then we could take the extra row to be {x ∈ Gi :
i < ω}. This is impossible because each of the Gn are infinite but they do not have interior
(as in the Ldiv-theory of Algebraically Closed Valued Fields, any infinite definable set must
have interior):

Fact 3.1.19 (Cf. Lemma 2.3.3 of [17]). Let X be a LDP -definable subset of a valued field
(K, v) admitting VF-quantifier elimination. The following statements are equivalent.

1. X has interior.8

2. dp-rkLDP
(X) = dp-rkLDP

(K).

3. dp-rkLDP
(X) > 0.

3.2 Ideals of Valuation Rings
Now we focus on the study of the poset of ideals of a valuation ring. Our interest in
studying valuation rings in dp-finite fields comes from the idea of finding bounds to the
dp-rank by means of the spectrum of the ring. In particular, the following facts aim to
this direction.

8This is, X contains a ball {x ∈ K : v(x− c) > v(r)} for some c ∈ K, r ∈ K×.
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Fact 3.2.1 (Cf. Corollary 2.6 of [3]). Let R be a domain of burden n. Then R has at most
n maximal ideals.

Fact 3.2.1 is a corollary of Prime Avoidance and the following

Proposition 3.2.2 (Cf. Proposition 2.3 of [3]). Let R be a domain of burden n, and
let p1, . . . , pn+1 be prime ideals of R. Then there is some i ∈ {1, . . . , n + 1} such that
pi ⊆

⋃
j 6=i pj .

Proof. Suppose otherwise, so that for any i ∈ {1, . . . , n+1} there is some ai ∈ pi satisfying
ai 6∈

⋃
j 6=i pj . Since the ideals are prime, each of the sets pi \

⋃
j 6=i pj is multiplicative,

yielding that aki ∈ pi \
⋃
j 6=i pj for any positive integer k. Define then the family of sets

Xk
i := (aki )\ (ak+1

i ), i ∈ {1, . . . , n+1}, k ∈ N∗. These sets are not empty because otherwise
(aki ) ⊆ (ak+1

i ) implies that ai is a unit, contradicting that pi is prime.
The family {Xk

i : i ∈ {1, . . . , n + 1}, k ∈ N∗} defines an inp-pattern of length n + 1.
Indeed, for any tuple of powers (k1, . . . , kn+1) we have that

ak1
1 . . . a

kn+1

n+1 ∈ X
k1
1 ∩ . . . ∩X

kn+1

n+1

because if i ∈ {1, . . . , n+ 1} and ak1
1 . . . a

kn+1

n+1 = aki+1
i b for some b ∈ R, then

ak1
1 . . . a

ki−1

i−1 a
ki+1

i+1 . . . a
kn+1

n+1 ∈ (ai) ⊆ pi,

which implies that aj ∈ pi for some j 6= i, a contradiction. We still need to prove that
{Xk

i : k ∈ N∗} is 2-inconsistent for any i ∈ {1, . . . , n+ 1}. Indeed, if l < k and r ∈ Xk
i ∩X l

i

and r = baki for some b ∈ R, then r = bak−l−1
i al+1

i , which is absurd.

As a result of the latter proposition, if a dependent ring R has dp-rank n, then it does
not admit any antichain of prime ideals of length n+ 1.

Proposition 3.2.3. A ring R is a valuation ring if and only if its ideals are linearly ordered
by inclusion. Hence any valuation ring is local.

Proof. Recall that inverses must be taken within Quot(R). Let I1, I2 be ideals of R such
that I1 6⊆ I2. Let x ∈ I1 \ I2, and let y ∈ I2. In order to conclude that y ∈ I1, we can argue
that yx−1 ∈ R, for y = yx−1x and I1 is an ideal. If that is not the case, then xy−1 ∈ R
and therefore x = xy−1y ∈ I2, which is absurd. This shows that the ideals of a valuation
ring are linearly ordered by inclusion, hence R is local.

Moreover, suppose R is a ring whose ideals are linearly ordered by inclusion. Let x =
a
b ∈ Quot(R)× be such that x 6∈ R. Then b does not divide a, i.e. (a) 6⊆ (b). Therefore
(b) ⊆ (a) and thus x−1 = b

a ∈ R, so R is a valuation ring.

More can be said about the ideals of a valuation ring O. Lemma 2.3.1 of [5] states that
if Γ is the value group associated to O, then there is a one-to-one correspondence9 between
the set of prime ideals p of O and the set of convex subgroups ∆ of Γ given by

p 7→ ∆p = {γ ∈ Γ : γ,−γ < v(x) for all x ∈ p},
∆ 7→ p∆ = {x ∈ O : v(x) > γ for all γ ∈ ∆}.

Therefore, if the rank of O is finite, then it coincides with its Krull dimension dim(O),
which is defined as the maximal length of a chain of prime ideals. However, if there is some
γ ∈ Γ such that [−γ, γ] is infinite, then K

[[
tΓ
]]
is not Noetherian.

9This correspondence is in fact between ideals of O and segments of Γ : a segment is a subset ∆ of Γ
such that ∆ = ∪γ∈∆[−γ, γ]. The content here is that prime ideals correspond to convex subgroups.
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Observation 3.2.4. Let K be a dp-finite field and Γ a dp-finite ordered abelian group of
rank k. Then K

[[
tΓ
]]
has only one maximal ideal and has Krull dimension k. In particular,

Corollary 3.1.14 implies that

dim(K
[[
tGp,k

]]
) = k < 1 + k ≤ dp-rk(K

[[
tGp,k

]]
).

However, if P is a finite set of prime numbers, it follows that

dim(K
[[
tGP
]]
) = 1 < 1 + |P | ≤ dp-rk(K

[[
tGP
]]
).

Question 3.2.5. Are there valuation rings of arbitrary large Krull dimension but with fix
dp-rank?

If K is dp-minimal (say R or Falgp ) and Γ is dp-finite, then

dp-rk(Γ) ≤ dp-rk(K
[[
tΓ
]]
) ≤ dp-rk(Γ) + 1,

so we just have to find some Γ′ ≡ Γ with arbitrary large rank. The following definition
and fact can be found in [15].

Definition 3.2.6. An ordered abelian group Γ is said to be regularly dense if for any
positive integer n and any pair γ1 < γ2 of elements of Γ, there is some n-divisible γ ∈
(γ1, γ2).

Fact 3.2.7 (Cf. Theorem 4.7 of [15]). Two regularly dense ordered abelian groups Γ,Γ′ are
elementary equivalent if and only if [Γ : pΓ] = [Γ′ : pΓ′] for any prime number p.

Therefore, for any given n, Qn ordered lexicographically is regularly dense and does not
have singular primes, so Qn ≡ Q. It follows from Fact 3.1.4 that any Qn is dp-minimal,
but has fix rank.

We can conclude, as a summary, that there is no reasonable relation between dp-rank
and Krull dimension.
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